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Graph Theory

Definition 2.1: A graph G=(V,E) consists of a node
set V and an edge set E.

G undirected: E < {{v,w} | v,weV} ——D
 Gdirected: E < {(v,w) | v,weV} v——Dw
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Graph Theory

Definition 2.2: Let G=(V,E) be a graph.

* G undirected: degree of veV:
5(V)={ weV | {v,w} € E}

* G directed: degree of veV:
5(V)={ weV | (v,w) € E}

Degree of G: A = max,_, 6(V)
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Graph Theory

Definition 2.3: Let G=(V,E) be a graph. An edge
sequence p=(e,,e,,...,e,) In G is called a path if
there Is a node sequence (v,,...,v,) with

* G undirected: e={v_,,v;} forall ic{1,... k}

* G directed: e=(v,,,v,) for all ic{1,... k}

NG
\/<
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Graph Theory

Definition 2.4: A graph G=(V,E) Is called

e connected If G Is undirected and for all node
pairs v,weV there is a path from v to w in G.

o weakly connected If G Is directed and for all
node pairs v,weV there is a path from v to w
In the undirected version of G.

« strongly connected If G Is directed and for all
node pairs v,weV there is a (directed) path
from v tow in G.
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Graph Theory

Examples:
(1) Graph is only weakly connected

)
/ \ no directed path
from B to A
AD

;'B

(2) Graph iIs strongly connected

N

;'B
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Graph Theory

Definition 2.5: Let G=(V,E) be a graph and p=(e,,e,,...,e,)
be a path from v to w in G.

* Length of p: |p|=k

e Distance of w from v: d(v,w) = min. path length from v to
w (d(v,w) = oo If there is no path from v to w)

* Diameter of G: D(G)=max,, <y d(v,w)

7
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Graph Theory

Definition 2.6: Let G=(V,E) be a graph.
 ['(U): neighbor set of a node set UV, i.e.,
['(U)={weV\U | there is a veU with {v,w}<E (resp.
(v,w)eE In the directed case) }
o o(U)=(V)|/|U|: expansion of U
o o(G) = minycy 1qui<rviz @(U): expansion of G
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Graph Theory

Expansion: k failures =at most k/o(G) nodes get
disconnected from rest of the graph

Proof. Let U be set of all non-failing nodes that get
disconnected due to failed nodes. Then all nodes in I'(U)
failed, I.e., |I'(U)|<k. Moreover, o(U)=o(G) and
o(U)=|T"(U)|/|U|, so |U|<k/a(G).
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Graph Theory

Expansion: k failures =at most k/o(G) nodes get
disconnected from rest of the graph

Expansion should be as high as possible
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Graph Theory

In the following we consider classical families of
graphs G={G,, G,, ...}.

Example: Family of linear lists

We say: graph G from a family G has constant
degree if the degree of all graphs in G is
upper bounded by a constant.
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Graph Theory

In the following we consider classical families of
graphs G={G,, G,, ...}.

Example: Family of linear lists

For a graph G from G we use
* n: number of nodes (resp. size) of G
* m: number of edges of G
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Classical Graph Families

Complete graph / clique: every node is connected
to every other node

Ve

Advantage: low diameter, high expansion
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Classical Graph Families

Complete graph / clique: every node is connected
to every other node

Ve

Problem: high degree! ( 6(v)=n-1 for all v)
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Linear List

e Degree 2 (minimal for connectivity), BUT
 Diameter is bad ( D(List)=n-1)
 Expansion is bad ( a(List)=2/n)

How to obtain a small degree and diameter?
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Complete Binary Tree

PN

A4

« n=2K"1-1 nodes when depth is keN,,
e degreeis 3

 Diameteris 2k =~ 2 log, n, BUT

e Expansion is bad ( a(tree)=2/n)
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2-dimensional Grid

* n = k? nodes when there are k nodes along

each side, maximal degree 4
e Diameteris 2(k-1) =~ 2\n

« Expansionis ~2/\n
 Not bad, but can we do better?

SS 2019
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d-dimensional Hypercube

e Nodes: (x,,...,x,) € {0,1}° LB/itiﬂipped

e Edges: Vi: (X,...,Xy) — (xl,..,l-xi,..,xd)
10
R ﬁ—r
0 1 ._' 'Oll
001

d=1 d=2 d=3
Degree d, diameter d, expansion ~1/Vd
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d-dimensional de Bruijn Graph

e Nodes: (x,,...,x,) € {0,1}°
o Edges: (X,...,.Xg) — (0%, X5,... . X4.1)
(1,X1,X5,..+,Xq4.1)

01 001 011
\ \)10 101 \
00 '/ ) 11 000 / W '/ ) 111
10 100 110
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Diameter

Theorem 2.7: Every graph of maximal degree
0>2 and size n has a diameter of at least

(log n)/(log(s-1))-1.
Proof: exercise

Theorem 2.8: For all even 6>2 there Is a family
of graphs of maximal degree ¢ and size n
with diameter at most (log n) / (log 6 -1).

Proof. exercise
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Expansion

Theorem 2.9: For every graph G it holds that «.(G)<[0,1].

Proof: see the definition of the expansion o(G).

Theorem 2.10: There is a family of graphs with constant
degree and constant expansion.

Example: Gabber-Galil Graph

 Node set: (x,y) € {0,... k-1}?
* (X)y) = (X, x+y),(X,x+y+1), (x+y,y), (x+y+1)y) (mod k)
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Process Model

 Processes can connect to each other

A
AT

 Processes communicate via message passing
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Process Model

Types of actions:

» Triggered by a local/remote call:
(name)({parameters)) — (commands)

 Triggered by a local state:
(name): {predicate) —» (commands)

All messages are remote action calls.

Example:
minimum(x,y) —
If x<y then m:=x else m:=y
print(m)

Action ,minimum* is executed upon receipt of a request to call
minimum(X,y). No return of values possible when called remotely

to make sure processes don‘t starve while waiting for return value
of another process!
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Process Model

Types of actions:

» Triggered by a local/remote call:
(name)({parameters)) — (commands)

 Triggered by a local state:
(name): {predicate) —» (commands)

All messages are remote action calls.

Example:
timeout: true —»
print(,| am still alive!)

Jrue* ensures that the action is periodically executed by the given
process.

SS 2019 Chapter 2

26



Process Model

Execution of actions: Processes can act concurrently
but within a process the actions must be executed Iin
a strictly sequential, and therefore atomic way.

— every action must eventually terminate!

This simplifies correctness proofs.
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Pseudo-Code

Pseudo-code like in object-oriented programming:

Subject (Name): // declares process type
local variables

actions
Types of actions:

(ActionName)((Parameters)) —
commands in pseudo-code

(ActionName): (Predicate) —
commands in pseudo-code

Special action:

entry((Parameters)) — // constructor
commands in pseudo-code

SS 2019 Chapter 2
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Pseudocode

e Assignment via :=

 Loops (for, while, repeat)

e Conditional branching (if — then — else)

e Commentvia {}

e Block structure via indentation

« Call of action via process reference v: v<-act(...)

e Subject: stores reference to a process (empty reference: 1)

« Creation of new processes: new
(new calls entry in process)

SS 2019 Chapter 2 29



Programming Environment

We will use a simulation environment called
NetSimLan (see also the course webpage).

 Webpage: https://netsimlan.org
 Download: https://netsimlan.org/download

You can also find examples there. As you
can see there, the code Is very close to our
pseudo-code.
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https://netsimlan.org/
https://netsimlan.org/download

Broadcasting

Simple broadcast service via server

\ - / Clients

SS 2019 Chapter 2
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Broadcasting

Subject Server:
n: Integer { stores number of clients }
Client: Array[1..MAX] of Subject { stores refs to clients }

entry() — { constructor }
n:=0

register(C) —» { reqgister new client with reference C }
n:=n+1
Client[n]:=C

broadcast(M) — { send M to all clients }
fori:=1tondo
M™:=new Object(M) { new object containing M }
Client[i]«—output(M”) { calls output in Client[i] }
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Broadcasting

Subject Client:
Server: Subject

entry(S) —»
Server:=S

{ constructor }
{ S: reference of server }

Server<«register(this)

broadcast(M) —

{ send client ref. to server }

{ broadcast M via server }

Server<«broadcast(M)

output(M) —
print MV

SS 2019

{ output M }

Chapter 2
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Broadcasting

Broadcast via tree

SS 2019 Chapter 2

34



Broadcasting

Subject TreeNode:
Parent: Subject
Child: Array[1..c] of Subject {refs to children }

sendup(M) — { send M to root to start broadcast }
If Parent=L then Parent«—sendup(IV])

else broadcast(M)

broadcast(M) — { send M to all children }
print M
fori:=1tocdo
if Child[i]=L then

M :=new Obiject(M) { new object with M }
Child[il<-broadcast(V")

SS 2019 Chapter 2
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Synchronization

The process model assumes asynchronous message passing:

L . = >-

t,: .
t:

e all messages are eventually delivered
e but no time bounds and FIFO delivery guaranteed
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Synchronization

Synchronous message passing model:

« Time proceeds in synchronous rounds (a round takes one
time unit and all nodes start a round at the same time).

e Every round works as follows:

— First, all messages sent to some node v in the previous round
are received by v, and

— then v does some local computations based on the received
messages and may send out messages to some of its neighbors,
which are received in the next round.

For simplicity, many of our algorithms are presented for the
synchronous message passing model.

In order to emulate such algorithms in an asynchronous
message passing model, we need a synchronization
mechanism.
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Synchronization

A node is called safe with respect to a certain round if

each message of the synchronous algorithm sent by
that node at that round has already arrived at its
destination.

Safety can be checked with acknowledgements:
whenever a message Is received by a node, an
acknowledgement is sent back to the sending node.

message
vV = 2 W
ack

A node detects that it is safe whenever all of its
messages have been acknowledged.

SS 2019 Chapter 2 39



Synchronization

Synchronizer o

Using the acknowledgement mechanism, each node
eventually detects that it Is safe and reports this to all of its
neighbors.

Whenever a node learns that all of its neighbors are safe and
It is safe as well, it starts a new round.

To check:

Safety: The synchronizer correctly emulates a synchronous
message passing system.

Liveness: A node never has to wait indefinitely to start a new
round.

Time: Number of time steps for sync. of a round.
Work: Number of messages needed for sync. of a round.
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Synchronization

What does it mean that a synchronizer correctly emulates a
synchronous message passing system?

Consider the following example ( — : triggered by msg)

A15

A;: action exec.

1 2 3 4 round
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Synchronization

In synchronous message passing, we are usually allowed
to reorder execution of actions in the same round, but not
from different rounds.

A;: action exec.

round
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Synchronization

Condition for any synchronizer: For every two action
executions A;, A, In some process v, where A, is processed
before A, r(A)<r(A), where r(A) is the (sync.) round of A.

A15

A;: action exec.

round
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Synchronization

Synchronizer o

* Using the acknowledgement mechanism, each node eventually
detects that it is safe and reports this to all of its neighbors.

 Whenever a node learns that all of its neighbors are safe and it is
safe as well, it starts a new round.

Formal safety condition:
* r(v): current round of node v (initially, r(v)=1 for every v)

Theorem 2.11: For every two action executions A;, A; in some process
v, where A is processed before A;, r(A)<r(A)), where r(A) IS the (sync.)
round of A.

Proof:

We first present a pseudo-code for the synchronizer o and then provide
a proof sketch for Theorem 2.11.
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Synchronization

Subject Node:

round: Integer { current round, initially setto 1}

Neighbor: Array[] of Subject { array of references to neighbors }

safe_current: Integer { # safe msgs from current round, initially setto 0 }

safe_next: Integer { # safe msgs from next round, initially set to 0 }

safe: Boolean { safety status for current round, initially set to false }

missing_acks: Integer { # missing acks of current round }

Q current: Array[] of Message { queue of messages that need to be processed in next round, initially & }

Q_next: Array[] of Message { queue of messages that need to be processed in round after next round, initially & }

entry() — { executes actions for round 1 and updates missing_acks}

timeout: true — { checks if there are missing acks or if all neighbors and node itself are safe }

if missing_acks=0 and not safe then { all requests of current round have been acknowledged: }
safe:=true { process is now safe }
for each veNeighbor do { send out safety announcements to all neighbors }

v<«—neighbor_safe(round)

if safe and safe_current=length(Neighbor) then { all neighbors and node itself are safe for given round: }
round:=round+1; safe:=false { switch to next round }
safe_current:=safe_next { move #safe-msgs from next to current round }
safe_next:=0 { safe-msgs for new next round cannot have arrived at v yet }

for each MeQ current do

{ process M as given by synchronous protocol and update missing_acks }
{ execute any action that is supposed to be executed in each round, and update missing_acks }
Q_current:=Q_next; Q_next:=2 { new Q_next cannot have received any messages yet }

neighbor_safe(r) — { notification from neighbor that it is safe for round r, where re{round,round+1} }
if r=round then safe_current:=safe_current+1
else safe_next:=safe nexi+1

process_msg(v,r,M) — { M, generated by v at round re{round,round+1}, needs to be processed at round r+1 }

v<«ack() { acknowledge receipt of message }
if r=round then add M to Q_current { process M in next round }
else add M to Q next { process M in round after next round }

ack() — { acknowledgement received for a message sent in current round }
misssing_acks:=missing_acks-1

SS 2019 Chapter 2
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Synchronization

Proof sketch of Theorem 2.11
From the definition of the synchronizer « it follows:

a. For every {v,w}eE, [r(v)-r(w)|<1 at any time.
(Proof: by induction on the receipts of safe-messages over the time.)

b. Also, a node v at round r(v) has already received safe-messages from all of its neighbors
for round r(v)-1, which together with (a) implies that v can only receive safe-messages for
round r(v) and r(v)+1. Thus, it is sufficient to remember the number of received safe-
messages in two counters: safe current and safe next.

Furthermore, by induction on the number of rounds it holds:

1. Whenever v sends a safe-msg to w for round r, then all messages that v is supposed to
send out in round r have already been acknowledged, which means that v will not send
out any further messages to w in round r.

2. Due to (a), (b) and (1): Whenever v receives a message in round r, it must be from round
ror r+1, which means that it needs to be processed (according to the synchronous
message passing model) in round r+1 (which is collected in Q current) or r+2 (which is
collected in Q_next).

3. Due to (1) and (2): For every node v that enters round r+1, Q_current contains all
messages that v is supposed to process at round r+1.

4. Due to (3): Whenever missing_acks=0, all of v‘'s messages that are supposed to be
received in round r(v) have been received, so that v can declare itself to be safe.

These properties imply that the actions are executed in the right order for every node v, i.e.,
Theorem 2.11 is correct.
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Synchronization

Synchronizer o

* Using the acknowledgement mechanism, each node
eventually detects that it is safe and reports this to all of its
neighbors.

 Whenever a node learns that all of its neighbors are safe and
It is safe as well, it starts a new round.

o Safety: see Theorem 2.11.

* Liveness: Is guanteed since we assume that every message
IS eventually delivered (and thereby eventually processed).

 Time: O(max. message delay)
e Work: O(|E|)

Problem: work can be quite high if |E| is large!
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Synchronization

Synchronizer f:

Preprocessing: nodes build up spanning tree rooted at some node r.

Nodes report to r via a convergecast in the tree that they are safe.
Convergecast: Starts at the leaves and ends at the root. Whenever a node
learns that it is safe and all of its descendants in the tree are safe (which it
learns from its children), it reports this to its parent.

Once r learns that all nodes are safe, it broadcasts this to all nodes via the
spanning tree.

Once a node learns that all nodes are safe, it starts the next round.

Safety: The synchronizer 3 correctly emulates a synchronous message
passing system. (Not shown here.)

Liveness: A node never has to wait indefinitely to start a new round.
(Guaranteed if every message is eventually delivered and therefore
processed.)

Time: O(D -(max. message delay)) (D: depth of spanning tree)
Work: O(|V])
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Synchronization

Subject TreeNode:
Parent: Subject
Child: Array[1..c] of Subject { refs to children }
children: Integer { current number of children }
safechildren: Integer { initially, safechildren=0 }
safe: Boolean { initially, safe=false, safe set to true externally }

timeout: true — { checks if all children and node itself are safe }
If safechildren=children and safe then

safechildren:=-1 { only one converge() call made }
if Parent=1 then broadcast() { root: inform nodes that all are safe }
else Parent«converge() { not root: inform Parent that all below are safe }

converge() — { notification from a child that it is safe }
safechildren:=safechildren+1

broadcast() — { informs all children that all nodes are safe }
safe:=false { start new round }
safechildren:=0
fori:=1tocdo
if Child[i]=L then Child[i]«-broadcast()
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