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Basic Information

Lectures:
e MoO6-8pm F1.110

Exam:
e QOral exam at end of course

Course Webpage:
e http://cs.uni-paderborn.defti/lehre/veranstaltungen/ss-2019

Office hours:
e Thu, 4-5 pm, F2.326
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Basic Information

Literature:

Cormen, Leiserson, Rivest, Stein:
Introduction to Algorithms, 3rd ed.
MIT Press/McGraw-Hill

ISBN 0-262-53305-8

ALGORITHMS
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Basic Information

Contents of the course:
« April 8: Chapters 1-4 (Intro and runtime analysis)
o April 15: Chapters 6-7 (Sorting)

o April 29: Chapters 10-12
(Elementary data structures)

 May 6: Chapters 24-25 (Basic graph algorithms)
« May 13: Chapters 24-25 (Shortest paths)
 May 20: Chapter 26 (Network flow)
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What is an Algorithm?

Definition 1.1: An algorithm is a concise description of a
procedure to solve a certain class of problems.

Here:

Input

!

Algorithm

!

Output
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What Is a Data Structure?

Definition 1.2: A data structure is a specific way of
organizing data in the memory of a computer to
facilitate operations like Seach, Insert, and Delete.

Here:

P  Operation 1

Data Structure P  Operation 2

P  Operation 3
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Software Development

Problem

|

Modelling

Design of suitable
algorithms / data structures

1

Implementation
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Important Criteria

» Algorithms / data structures must be correct.

— Correctness proofs.

» Algorithms / data structures should work efficiently.

= Analytical methods for time and space
analysis.

» For guarantees, analytical methods cannot rely on
empirical studies but must be based on a mathematical
analysis.
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Design of Algorithms

A rigorous algorithmic approach requires:

1. Formal description of algorithm (in pseudo-code)
2. Correctness proof

3. Formal time and/or space analysis
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Notation

Pseudocode:

» Loops (for, while, repeat)

» Branching (if — then — else)

» Returning from procedure call (return)
» Assignment (:=)

> Block structure via indentation

Time needed for elementary operations (like
assignments and checks): constant
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Example: Minimum Search

Input: sequence A of n numbers (a,,a,,...,a,)
Output: index I with a;<a; for all 1<j<n.

Algorithm:

Min-Search(A):

1 min:=1

2 for ;=2 to length(A)

3 If A[j]J<A[miIn] then min:=5
4 return min

Example:
Input: (31,41,59,26,51,48)
Output: 4
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Example: Sorting

Input: sequence A of n numbers (a,,a,,...,a,)
Output: permutation of (a,a,,...,a,) into (by,b,,...,b,)
with b,<b,<...<b..

Algorithm:

Insertion-Sort(A):
1 for j:=21to length(A)
2 key:=A[j]; i=)-1 //'insert A[j] into A[1..]-1]

3 while >0 and A[i]>key
4 AliI+1]:=A[l]

5 1:=1-1

6 Ali+l]:=key

[ return A
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Example: Sorting

Runtime analysis:

Insertion-Sort(A): cost times

1 for j:=21to length(A) C, n

2 key:=A[]]; Ii=-1 C, n-1

3 while >0 and A[i]>key C3 2"t

4 A[i+1]:=A]i] Cy 25" (t-1)
5 I:=i-1 Cs 2" (§-1)
6 Ali+l]:=key Ce n-1

7 return A C7 1

Worst case: t=] (A[]] has to be placed into A[1])

Worst case runtime: T(n) ~ c-n? for some constant ¢
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Example: Sorting

Input: sequence A of n numbers (a,,a,,...,a,)
Output: permutation of (a,a,,...,a,) into (by,b,,...,b,)
with b,<b,<...<b..

Algorithm: Merge-Sort(A,1,n)

Merge-Sort(A,p,r):

1 if p<r

2 qg:=L(p+r)/2] /I compute middle position
3 Merge-Sort(A,p,q)

4  Merge-Sort(A,q+1,r)

5 Merge(A,p,q,r)

Merge(A,p,q,r) merges sorted A[p..q] and A[g+1...r] to
sorted A[p..r].
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lllustration of Merge-Sort (1)
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lllustration of Merge-Sort (2)

122 3 4567
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Example: Sorting

Runtime analysis:
e n=r-p+1: number of elements
e T(n):runtime of Merge-Sort on n elements

Merge-Sort(A,p,r): cost times
1 1f p<r C; 1
2 q=l(p+r)/2] c, 1
3  Merge-Sort(A,p,q) T(g-p+1) 1
4  Merge-Sort(A,q+1,r) T(r-q) 1
5 Merge(A,p,q,r) Cyn 1
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Example: Sorting

Runtime analysis:

Merge-Sort(A,p,r):

1 if p<r

2 q:=(p+r)/2]
3 Merge-Sort(A,p,q) T(g-p+1)
4  Merge-Sort(A,g+1,r)  T(r-q)

5 Merge(A,p,q,r)

cost times
Cq 1
C, 1
1
1

Merge(A,p,q,r) merges sorted A[p..q] and A[g+1...r] to
sorted A[p..r]. Suppose that n is a power of 2. Then:

Runtime:

T(n) = <

pum—

—

2-T(n/2)+c4yn+c+C, 1fn>1

Cy If n=1

SS 2019
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Runtime of Merge-Sort

T(n) /cn\ cn
T(n/2) T(n/2) cn/2 cn/2

WA

T(n/4)  T(n/4)T(n/4)  T(n/4)
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Runtime of Merge-Sort

ch <«- cn
Ch «-------- cn/2 cn/2
cn «----- cn/4 cn/4 cn/4 cn/4
Y A ANANVANC .
cn «-- C C C c C c C C
L M
—~—
Altogether: cn-(log(n)+1) n
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Asymptotic Notation

In theory, often just the asymptotic runtime of algorithms
IS of interest.

Asymptotic runtime ignores constants and just specifies
the growth of functions.

Instead of T(n)=c,-n?+c,-n-c, just T(n)=0G(n?).
( ®: ,grows as fast as*)

Formally,
®(g(n)) = { f(n) | there exist positive constants c,<c, and
n, such that for all n>n,, 0<c,g(n)<f(n)<c,g(n) }
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lllustration of ®(g(n))

c,g(n)
f(n)

c,g(n)
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Asymptotic Notation

®(g(n)) = { f(n) | there exist positive constants c,<c, and
n, such that for all n>n,, 0<c,g(n)<f(n)<c,g(n) }

O(g(n)) = { f(n) | there exist positive constants c and n,
such that for all n>n,, 0<f(n)<c-g(n) }

Q(g(n)) = { f(n) | there exist positive constants c and n,
such that for all n>n,, 0<c-g(n)<f(n) }

If f(n)eO(g(n)) and f(n)eQ(g(n)) then f(n)e®(g(n)).

By abuse of notation, one often writes f(n)=0(g(n))
Instead of f(n)eO(g(n)) .
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lllustration of O(g(n))

1600001
140000
120000-
100000+

g(x)=x?
f(x)=100x

g(x)=x2
f(x)=200x
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Asymptotic Notation

Transitivity:

e If f(nN)=0G(g(n)) and g(n)=(h(n)) then f(n)=G(h(n)).
e If f(nN)=0O(g(n)) and g(n)=0(h(n)) then f(n)=0(h(n)).
e If f(n)=Q(g(n)) and g(n)=Q(h(n)) then f(n)=Q(h(n)).

Reflexivity:
* 1(n)=0(f(n)), 1(n)=0(f(n)), and f(n)=C(f(n))

Symmetry:
e f(n)=B(g(n)) if and only if g(n)=(f(n)).

Transpose symmetry:
e f(n)=0O(g(n)) if and only if g(n)=Q(f(n))
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Asymptotic Notation

Theorem 1.3: Let p(n) = >._,“ a-n' with a,>0. Then we
have p(n) = O(nX).

Proof:

To show: p(n) = O(n¥) and p(n) = Q(nX).

* p(n) =0(NX) : For all n>1,

p(n) < 2o la| n' < nk X |ay|

« Hence, definition of O() is satisfied with c=>__,“ |a|

and n,=1.

* p(n) =Q(nY : For all n>2k-A/a, and A=max; |aj,
p(n) = a,.nk- 2.t An' > a, nk—k-Ankl > g nk/?2

« Hence, definition of €)() is satisfied with c=a,/2 and
ny,=2kA/a,.
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Asymptotic Runtime Analysis

Worst-case runtime:

* T(l): worst-case runtime of instruction |
* T(elementary command) = O(1)
o T(return x) = O(1)
o TWIN)=TW)+T®U)
o T(ifCthenlelse ") =T(C)+ max{T(l),T(I")}
« T(fori:=atobdol)=2>_"(O(1)+ T(I)
e T(repeat | until C) =2>_ < (T(C)+T(I))
(k: number of iterations)
e T(while Cdol)=2._ < (T(C)+T(I))

Runtime analysis difficult for while- und repeat-loops since we need to

determine k, which is sometimes not so easy!
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Example: Computation of Sign

Input: number xR

Signum(x):

1 if x<0 then return -1 O(1)
2 if x>0 then return 1 O(1)
3 return O O(1)

total runtime: O(1+1+1) = O(1)
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Example: Minimum

Input: array of numbers A[1],...,A[N]

Minimum(A):

1 min:=1 O(1)

2 fori:=1tondo 2i=1" (O(1)+T(1))
3 if Afij<min then min:=Ali] /

4 return min O(1)

runtime: O(1) + >._," O(1) + O(1) = O(n)
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Example: Sorting

Input: array of numbers A[1],...,A[N]

Bubblesort(A):

1 fori:=1ton-1do 2i=" (O(1)+T(1))
2  for|:=n-1downto ido 2= (O(1)+T(1))
3 if A[j]>A[j+1] then O(1) + T(I)

4 X:=A[] 0(1)

5 AlL:=AD+1] O(1)

6 A[+1]:=x O(1)

runtime: >,,_,"* >,."* O(1) = O(n?)
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Master Theorem

Theorem 1.4: For some positive constants a,b,c
with n=b* for some natural number k let

T(n)=c If N<1
T(nN)=c-n+a-T(n/b) ifn>1
Then it holds that

T(n) = ©(n) if a<b
T(n) = ©(n log n) if a=b
T(n) = ©(n'°% 2) if a>h
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Master Theorem

Proof:
e Consider the tree of
recursive calls. T cn
e It holds: // Y
T(n) < I,k a (c-n/b)

. c-n/b c-n/b

< c-n Z._ < (a/b)

« (Case-by-case analysis
results in the theorem en/b? /b2

(use for a+b
TR oo
Y02 =771 )
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Example: Matrix Multiplication

(37 5 4) (211 0) |
03 2 4 001 3|
102 1 0| |31 1 0]|"
101 0) |23 2 2) |

SS 2019

Premaster Algorithms |

33



Matrix Multiplication

A=(aij)1§i,j§n B:(bij)1§i,j§n C:(Cij)Ki,JSﬁ
(37 5 4) (2 11 0) (29202329]
03 2 4 0 0 1 3| |1414 ..
102 1 O 31 10

\1 O 1 OJ k2 3 2 2J \ " /

_ n
Ci= Zy=1 i * Dy
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Matrix Multiplication

Problem: Compute product of two nxn matrices

e Input: matrices X,Y
e Output: matrix Z = X-Y

/X1,1 Xio Xz Xy ) (yl,l Y12

Xo1 Xop Xo3 Xy Yoi1 Yoo

X = ! ' ’ Y= ’
X31 Xzp Xzz Xgy Yi1 Yso

\X4,1 Xs2 Xaz Kugs ) \y4,1 Yaz

Y13
Y3
Y33
Yas

Vi)
Yaa
Y34
Yas )
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Matrix Multiplication

MatrixMultiplication(Array X, Y, n)
1. new array Z[1,..,n][1,..,n]

2. fori-ltondo

3 forj«<~1tondo

4. Z[1][j)] « O

5 fork«1ltondo

6 Z1]0] < Z[]0] + XOJ[K] - YIK]D]
2

return Z
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Matrix Multiplication

MatrixMultiplication(Array X, Y, n)
1. new array Z[1,..,n][1,..,n]

2. fori-ltondo

3 forj«<1tondo

4. Z[1][j)] « O

5 fork<«1ltondo

6 Z1]0] < Z[]0] + XOJ[K] - YIK]D]
2

return Z

Runtime:
B(n2)
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Matrix Multiplication

MatrixMultiplication(Array X, Y, n) Runtime:

1. new array Z[1,..,n][1,..,n] O(n?)
2. fori-ltondo O(n)
3 forj«<~1tondo

4. Z[1][j)] « O

5 fork«1ltondo

6 Z1]0] < Z[]0] + XOJ[K] - YIK]D]

7

return Z
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Matrix Multiplication

MatrixMultiplication(Array X, Y, n) Runtime:
1. new array Z[1,..,n][1,..,n] O(n?)

2. fori-ltondo O(n)

3 forj«<-1tondo O(n?)
4. Z[1][j)] « O

5 fork <1 to ndo

6 Z1]0] < Z[]0] + XOJ[K] - YIK]D]

/. return Z
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Matrix Multiplication

MatrixMultiplication(Array X, Y, n) Runtime:
1. new array Z[1,..,n][1,..,n] O(n?)

2. fori-ltondo O(n)

3 forj«-1tondo O(n?)
4. Z[1][j)] « O O(n?)

5 fork <1 to ndo

6 Z1]0] < Z[]0] + XOJ[K] - YIK]D]

/. return Z
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Matrix Multiplication

MatrixMultiplication(Array X, Y, n) Runtime:
1. new array Z[1,..,n][1,..,n] O(n?)

2. fori-ltondo O(n)

3 forj«-1tondo O(n?)
4. Z[1][j)] « O O(n?)

5 fork«1ltondo O(n3)
6 Z1]0] < Z[]0] + XOJ[K] - YIK]D]

/. return Z
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Matrix Multiplication

MatrixMultiplication(Array X, Y, n)
1. new array Z[1,..,n][1,..,n]

2. fori-ltondo

3 forj«<~1tondo

4. Z[1][j)] « O

5 fork«1ltondo

6 Z1]0] < Z[]0] + XOj[K] - YIK]D]
.

return Z

Runtime:

B(n2)
O(n)

®(n?)
O(n?)
®(n3)
O(n3)
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Matrix Multiplication

MatrixMultiplication(Array X, Y, n)
1. new array Z[1,..,n][1,..,n]

2. fori-ltondo

3 forj«<~1tondo

4. Z[1][j)] « O

5 fork«1ltondo

6 Z1]0] < Z[]0] + XOJ[K] - YIK]D]
7

return Z

Runtime:
B(n2)
O(n)
®(n?)
O(n?)
®(n3)
O(n3)
©(1)
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Matrix Multiplication

MatrixMultiplication(Array X, Y, n) Runtime:

1. new array Z[1,..,n][1,..,n] O(n?)

2. fori-ltondo O(n)

3 forj«-1tondo O(n?)

4. Z[1][j)] « O O(n?)

5 fork«1ltondo O(n3)

6 Z1]0] < Z[]0] + XOJ[K] - YIK]D] ©(n3)

/. return Z 0(1)
O(n3)
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Matrix Multiplication

Recursive approach:

A B E F AE+BG A

c D)\ H)T|CE+DG C

Recursive calls:
e 8 multiplications of n/2xn/2 matrices

e 4 additions of n/2xn/2 matrices

-+ BH

-+ DH
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Matrix Multiplication

Recursive approach:

A B E F AE+BG AF+BH

c D)\G H) |CE+DG CF+DH

Recursive calls:
e 8 multiplications of n/2xn/2 matrices
e 4 additions of n/2xn/2 matrices

Runtime:
e T(n)=8-T(n/2) + ®(n?)
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Matrix Multiplication

Runtime:

e T(n)=8-T(n/2) + k-n2
/0 B
a b f(n)

Extended Master Theorem (see book):

e f(n)=k-n2

e a=8, b=2

e Case 1: Runtime @(nlogba) = O(n3)

* Not better than elementary algorithm!
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Matrix Multiplication

Strassen‘s Algorithm:

A B E F AE+BG AF+BH
X p—
C D G H CE+DG CF+DH
Trick:
P = A-(F-H) R=(A+D)(E+H) AE+BG=RE+FE-E+R
P,=(A+B))H R =(B-D)(G+H) AF+BH =P+ P,

R=(C+D)}E P=(A-C)(E+F) CE+DG =P,+P,
P, = D-(G-E) CF+DH =P+ P,-P,- P,

7 Multiplications!!!
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Matrix Multiplication

Runtime:

e T(N)=7-T(n/2) + k-n?
/o \
a b f(n)

Extended Master Theorem:

e f(n)=k-n2

e a=7, b=2

« Case 1: Runtime ®(n'"%" )=@(n'97 ) = ©(n 28")
« Better than elementary approach!
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Summary

We covered:

e Pseudo code

« Asymptotic runtime analysis
Next lecture:

e Sorting
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